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A Hopf algebra is an algebraic system (H, A,e,-,1,S) consisting of
a vector space H over a field F and linear maps

A:H—-HQH, x> x1Qx>0

e H—TF

S:H—H

such that




(H,A,e) is a coalgebra
YA(z1) Q2 =371 @ A(z2) =X 71 @ 22 ® T3
Ye(xr)xo = Y x1e(np) =

(H,-,1) is an algebra

the comultiplication and counit are algebra homomorphisms
>(zy)1 ® (zy)2 = A(zy) = A(z)A(y) = X z1y1 @ T2Yy2
A(ly) =1g® 1y
e(zy) = e(z)e(y)
e(lg) = 1p

S is an antipode
> S(z1)z2 =X 215(22) = e(2)1p,

where z,y € H.



A homomorphism of Hopf algebras ¢: (H,A,e,-,1,5y) — (K,A,e,-,1,S5k) is
a coalgebra homomorphism ¢: (H,A,e) — (K, A, ¢)

Ap(z)) = X (@)1 @ p(x)2 = X (1) ® p(z2)

e(p(z)) = (=)
an algebra homomorphism ¢: (H,-,1) — (K,-, 1)

respecting the antipode

p(Sp(x)) = Sk(p(x)),

where x € H.




Tomasz Brzezinski, MH, Translation Hopf algebras and Hopf heaps,
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A Hopf heap is an algebraic system (C, A, e,[—,—,—]) consisting of
a vector space C over a field F and linear maps

A C—-0CxC, z—> xr1x>

e: C —F

[—,—,—-]: CRC°RC —-C, zy®z+— [x,v,Zz]

such that
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(C,A,¢e) is a coalgebra
YA(z1) Q=371 @ A(z2) =X 71 @ 22 ® T3
Ye(xy)re =Y ze(w2) =2
[—, —, —] is a coalgebra homomorphism
A(lz,y,2]) = 3lz,y, 211 ® [z, v, 2|2 = Yolz1, y2, 21] ® [22, y1, 22]
e(lz,y,2]) = e(z)e(y)e(z)
satisfying
the heap associativity [[z,v, 2], t,u] = [z, vy, [2,t,u]] & [z, [y, 2, t], u]
Mal'cev identities Y [x1,22,y] = Yy, z1,20] = c(x)y #= > [z1, vy, xo],

where z,y,z,t,u € C.




A homomorphism of Hopf heaps ¢: (C,A,e,[—,—,—,]) = (D, A,e,[—,—,—,])
is a coalgebra homomorphism ¢: (C,A,e) — (D, A, ¢)

Ap(z)) =X p(2)1 @ p(z)2 = X p(z1) ® @(x2)

e(p(z)) = (=)
respecting the heap operation

o([z,y,2]) = [e(x), (y), (2)],

where x,y,z € C.




A Grunspan map for a Hopf heap (C,A,¢,[—, —,—])
is a coalgebra homomorphism 6: (C,A,e) — (C,A,e) such that
[[z,y,0(2)],t,u] = [z, [t, 2, 9], u],
where x,y, z,t,u € C.
If it exists, the Grunspan map for a Hopf heap (C,A,e,[—,—, —])
IS given by the formula
0: (C,A,e) » (C,A,e), x> [x1,[xa,x3,20],x5],

where x € C, and thus necessarily is unique.




The Grunspan map commutes with every homomorphism of Hopf heaps,
that is, if o: (C,A,e,[—,—,—]) = (D, A, g, [—,—,—])

IS @ homomorphism of Hopf heaps with respective Grunspan maps

Oc: (C,Ae) —» (C,A,e) and 0p: (D, A,e) — (D, A,e),

then C,OQC = Opp.
Indeed, for any z € C,
pc(z) = p(Q_[z1, [T4, 23, 2], 25)] = ) [w(21), [p(x4), p(x3), p(x2)], p(x1)] =

= > lp(x)1, [e(x)a, o(x)3, o(x)2], (x)s] = Opp(x).
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Theorem. Every Hopf heap (C,A, e, [—, —, —])

admits the Grunspan map 0: (C,A,e) — (C,A,¢).

See [Tomasz Brzezinski, MH, Translation Hopf algebras and Hopf heaps,

arXiv: 2303.13154v1, Corollary 3.9]. []




Theorem. Given a Hopf algebra (H,A,¢,-,1,5), let
[—, —, —]Je: HRH°®H — H, [z,y,z]le=x-S(y): =z
0: H— H, 0(z)=S2%x),

where z,y,z € H. Then

(a) (H,A,e,[—,—,—]e) is @ Hopf heap

with the Grunspan map 6: (H,A,s) — (H,A,¢<).
Indeed, for any x,vy, z,t,u € H,
A(lz,y,2]e) = A(z - S(y) - 2) = A(z) - A(S(y)) - A(z) =
=>(z1®@z2) - (S(¥)1®@5W)2) - (21 ® 22) =
= (r1®z2) - (S(y2) ® S(y1)) - (21 ® 22) =

=> x1-S(y2) - 21 @x2-S(y1) - z2 = D [x1,y2, z1]e ® [22, Y1, 22]e
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e([x,y,2]e) = e(x - S(y) - 2) = e(2)e(S(y))e(2) = e(x)e(y)e(2)
[[LZZ,y,Z].,t,’U,]. — (33‘ ’ S(y) ) Z) ) S(t) U = T - S(y) ) (Z ) S(t) ) ’U,) — [xayv [Zayau]O]O
Do lr1,mo,yle = 3 x1 - S(22) -y = e(@)y = Yy - S(x1) - w2 = ) [y, 1, x2]e

[[ac,y,@(z)].,t, ’U,]. — - S(y) ) Sz(z) ) S(t) U= T S(t ) S(Z) ) y) U = [:Ua [t,z,y].,U].
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(b) Every homomorphism of Hopf algebras
90: (H7A787'7 17SH) — (K7A7€73K)
IS @ homomorphism of associated Hopf heaps

90: (H7A787 [_7 B _].) — (K7A787 [_7 R _].)
Indeed, for any x,y,z € H,

o([z,y,z]e) = @(x - Su(y) - 2) = p(z) - e(Su(Y)) - p(2) =

= () - Sk(p(y)) - v(z) = [p(z), o(y), ©(2)]e ]




Theorem. Given a Hopf heap (C,A,s,[—,—, —])
and a group-like element e € G(C), let

e CRC —-C, x-ey=I|zey]

Se: C — C, Se(x) = e, x,e]
where z,y € C. Then

(a) (C,A,e,-¢,e,Se) is a Hopf algebra denoted by H.(C).
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Indeed, for any z,y,z € C,
(-cy) ez =Illz,e,yl e,2] = [z,6,[y,€,2]]| =T e (y e 2)
eex=|e,e,x] =z =[r,e,e] =x-ce
Az -ey) = A([z, e,y]) = ) [z1,€,11] @ [w2, €, 2] =
=) Tl eY1 @ z2cy2 =) (21 Qx2) e (y1 Q®y2) = A(z) -« A(y)

Ale) =e®e
e(x-ey) = e(lz,e,y]) = e(z)e(e)e(y) = e(z)e(y)
8(6) — ]-IF

Y Se(x1) e =D [[e,x1,€],e,x2] = D [e,x1, [e, e, x2]] = D [e,x1,x2] = e(x)e
> T1 e Se(w2) = ) _[z1,€, [e,z2,€]] = ) [[71,€,€],22,€] = ) [71,72, €] = e(x)e.




(0) If o2 (C, A e [—,—, =) = (D, A e, [, — =])

is a homomorphism of Hopf heaps,

then for group-like elements e € G(C) and f € G(D), the maps
p: (He(C),Aesveie) = (Hp(D), Ase, g, f), - o(x) = [p(x), p(e), f]
P (He(C), Aeyese) = (Hp(D), Ae,p, £, @°(x) = [f, 0(e), p(a)]

are associated bialgebra homomorphisms.
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Indeed, for any z,y € C,

p(z-cy) = p([z,e,y]) = [p([z, e,y]), p(e), f1 = [[p(x), p(e), p(y)], p(e), f1 =
= [p(=x), p(e), [p(y), p(e), f1l = [p(x), p(e), p(y)] =
= [p(z), p(e), [f; [, W]l = [le(z), v(e), 1. f,2(W)] = [p(2), f, p(y)] = &(z) -r p(y)
Since ¢: (C,A,e) — (D, A,e) is a coalgebra map and e € G(C) is a group-like element,
it follows that
A(p(e)) = v(e)1®@p(e)2 = p(e) ® p(e), e(p(e)) =ce(e) = 1r.
This means that p(e) € G(D) is a group-like element, and hence
ple) = [p(e),ple), fl=f
A(p(z)) =) o(z)1 @ p(z)2 =
= >.[p(2), p(e), fl1 ® [p(z), p(e), flo =
= > lp(@)1, p(e)2, f1 ® [p(x)2, p(e)1, f] =
=) lp(z1), p(e), f1 ® [p(z2), p(e), f] = - p(z1) @ p(x2)

e(@(z)) = e(le(z), p(e), f1) = e(p(z))e(p(e))e(f) = e(x).




(c) If both the Hopf heaps

(C, e, [—,—,—]) and (D, A,e,[—,—,—])

admit the Grunspan maps

Oc: (C,A,e) — (C,A,e) and 0p: (D, A,e) = (D, A, ¢e),

then both the maps
P (He(C), A e,c0e) = (Hp(D), Ave, ¢, f), @) = (), ¢(e), [l
% (He(C),Ae,e5e) = (Hp(D), Ae,-5, f), ¢°(x) = [f, ¢(e), p(x)]

are homomorphisms of associated Hopf algebras.




Indeed, for any =z € C,

Si(e(x)) = [f, o(z), f1 = [f, [e(x), ¢(e), f1, f1 =
= [[f5 f,0p(e(e))], o(z), f1 = [0p(w(e)), (), f] =
= [p(0c(e)), o(x), f1 = [w(e), (), f] =
= [e(e), o(z), [p(e), p(e), 1] = [le(e), v(x), p(e)], p(e), f] =

= le(le,z,e]), @(e), f] = @(le, z, €]) = @(Se(z)). L]




Corollary. Given a Hopf heap (C,A,e,[—, —, —])
and group-like elements e, f € G(C), let
(He(C), A g,0e,e,8) and (Hy(C),A¢,-¢, f,Sr) be the Hopf algebras
associated to the Hopf heap (C, A, ¢, [—,—,—]).
Then the map

o (He(C), A5, ¢,0) > (Hy(C), A 2,4, ), 7 (2) = [z,e, f]
is an associated bialgebra isomorphism with the inverse (’7’ )1 = ’7'
If the Hopf heap (C,A,s,[—,—,—])
admits the Grunspan map 6: (C,A,e) — (C, A, ¢),

then Téf IS an isomorphism of associated Hopf algebras.




Indeed, the map
— EIE (HG(C)7 Aa €y ey 6) — (Hf7 A? €y fy f)r Tef(x) — [IdC(x)a idC(€)7 f] — [CL', €, f]

is a bialgebra isomorphism. [ ]
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A Hopf algebra (H,A,e,-,1,5)

4
The Hopf heap (H,A,e,[—, —, —]e)
associated to the Hopf algebra (H, A,e,-,1,5),
where [z,y,z]le =z - S(y) - 2

4
Ve € G(H), The Hopf algebra (He(H), A, €, ¢, e, Se)
associated to the Hopf heap (H,A,e,[—, —, —]e),

where z ey = [z,e,yle = 2 - S(e) -y

Se(x) = [e,z,e]le =e-S(x) - ¢




A Hopf heap (C, A, e, [—, —,—])
4
Ve € G(C), The Hopf algebra (He(C), A, e, ¢, e,Se)
associated to the Hopf heap (C, A, ¢, [—, —, —]),
where -« y = [z, e, ]
Se(x) = [e, x, €]
U
The Hopf heap (He(C), A e, [—, —, —]e.)
associated to the Hopf algebra (He(C), A, e, ¢, e,S¢),

where [z,y, z]e, = T ¢ Se(y) e 2 = [[x, e, Se(y)], e, z] = [[x, ¢, [e,y,€]], e, z]




Theorem. Given a Hopf algebra (H,A,e,-,1,5)

and a group-like element e € G(H), let

(H,A,e,[—,—,—]e) be the Hopf heap

associated to the Hopf algebra (H,A,e,-,1,5), let
(He(H), A e, -¢,e,S:) be the Hopf algebra

associated to the Hopf heap (H,A,e,[—, —, —]e).

Then (H,A,e,-,1,S) = (He(H), A, e, -¢,e,Se) as Hopf algebras.

In particular - = 4.




Indeed, let ¢p: H — H.(H), ¢(z)=x"-e.
Then for any z,y € H,
p(z-y)=(z-y)-e=(r-e) e (y-e) =) S o(y) = [p(x), e, p(¥)]e = p(z) -« p(y)
p(l)=1-e=e€
Alp(z)) = A(z-e) = Ax) - Ale) =) (21 Qx2) - (e®e) =) m1-eR@uz-e =) ¢(z1) ® p(x2)
e(p(z)) =e(z-e) =e(z)e(e) = e(x)
o(S(z)) =S(x)-e=e-e1-S(x)-e=e-S(e) - S(x) -e=
=e-S(z-e)-e=e€- - S(p(z)) e=le,p(z),ele = Se(p(x)).
Hence ¢ is an isomorphism of Hopf algebrs with the inverse
ol (Ho(H), A€, e,e,5.) = (H,A,e,-,1,5), o Nz) =z et

r-y=x-1-y=x-5(1) -y=[x,1,yle =x-19. [ ]




Theorem. Given a Hopf heap (C,A,s,[—,—, —])

and a group-like element e € G(C), let

(He(C), A e,-¢,e,Se) be the Hopf algebra

associated to the Hopf heap (C,A,e,[—,—, —]), let
(He(C),A,e,[—,—,—]e.) be the Hopf heap
associated to the Hopf algebra (He(C), A, g, ¢, e,Se).

Then [_7 Ty _] — [_7 R _].e'
Indeed, for any z,y,z € C,
[z,y,2] = [z,y,[e, e, 2]] = [[z,y,€l,e,2] =

= [llz,e el y, el e, 2] = [lz,e,[e,y, €]l e, 2] =

— [[CU,G, Se(y)]767 Z] — L e Se(y) e & — [:I:,y,z].e. D
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Let (C,A,s,[—,—,—]) be a Hopf heap.
For any a,b € C, the linear map
7'3: C — C, ng(:c) = [z, a, b]
is called a right (a,b)-translation.
The space spanned by all right (a,b)-translations is denoted by Tn(C),
that is,
Tn(C) =F(rb|a,be C).
Symmetrically, linear maps
ot C—C, ol(zx) =]a,b,x]
are called left (a,b)-translations

and the space spanned by all of them is denoted by Tn(C).
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Theorem. Let (C,A,e,[—,—,—]) be a Hopf heap. Then
(a) The space Tn(C) is a bialgebra with the multiplication given by

the opposite composition, with the comultiplication

b 2
A(Tab) — ZTG% X Tgl

and counit
e(t2) = e(a)e(b).
(b) If the Hopf heap (C, A, ¢, [—, —,—])
admits the Grunspan map 6: (C,A,e,[—,—,—]) — (C,A,e, [—, —,—]),

then Tn(C) is a Hopf algebra with the antipode

S(rb) = ),
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(c) If f: C — D is a homomorphism of Hopf heaps, then the map
Tn(f): Tn(C) —» Tn(D), Tn(NH(Y) =Y
IS a bialgebra homomorphism,
hence a Hopf algebra homomorphism whenever the Grunspan map exists.

(d) The assignment
C— Tn(C), f—Tn(f)

defines a functor from the category of Hopf heaps (with Grunspan maps)

to the category of bialgebras (resp. Hopf algebras). ||




Corollary. Every Hopf heap admits the Grunspan map.




Thank you very much for your attention!

Merci beaucoup pour votre attention!

La ringrazio molto per |I'attenzione!
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